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1. It is well known [5] that a ring R whose additive group is a rank one torsion 
free group is either a zero-ring ( x j = 0 for all x, y£R) or isomorphic to a subring of 
the field of rational numbers. 
SZELE [6] introduced the notion of the nilstufe of an abelian group G. (In what 
follows a group is always meant to be an abelian group with addition the group 
operation.) Let n be a positive integer. The nilstufe of G is said to be n, denoted 
N(G) = n, if there exists a multiplication on G, not necessarily associative, such that 
G"t±0, but <7"+1 = 0 under every multiplication on G. If, for every positive integer 
n, there exists a multiplication on G such that G"^0, then G is said to have nilstufe 
°o, denoted JV(G) = °°. An immediate consequence of the result mentioned in the 
previous paragraph is that if G is a rank one torsion free group, then N(G)= 1 or.°°. 
The objective of this paper is to show that if G is a rank two torsion free group, 
then JV(G) = 1, 2 or One is naturally led to conjecture that if G is a rank «'tor- . 
sion free group, then N(G)= 1,2, . . . ,n , or 
The major tools used to compute N(G) are results of BEAUMONT and WISNER 
[1] concerning multiplications on a rank two torsion free group. These results are 
introduced in section 2. In section 3, N(G) is computed for G a rank two torsion 
free group. Sufficient conditions are given for G to be a nil-group (i.e., N(G)=\) 
if G is the direct sum of rank one torsion free groups in section 4. Quasi-equality 
and quasi-decomposability are discussed in section 5, and their effect on the nil-
stufe is considered. 
2. D e f i n i t i o n 1. If G is the additive group of a ring R, then R is called a 
ring over G. 
Lemma 1. Let G be a rank two torsion free group, and let R be a ring over G. 
If R is non-commutative, then x and x- are dependent for all x6G. If R^O, and R 
is commutative, then there exists an x£G such that x and x 2 are independent. 
P r o o f : [1, p. 108]. 
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L e m m a 2. Let G be a rank 2 torsion free group, R a non-commutative ring 
over G. Then there exists an x£G such that 
P r o o f : [1, p. 109, lemma 2]. 
3. T h e o r e m . 1. Let G be a rank two torsion free group. Then N(G) = 1, 2 or 
P r o o f . Suppose there exists a non-commutative ring R over G. By lemma 2 
there exists an x£G such that x2^0. x and x2 are dependent by lemma 1, therefore 
there exist non-zero integers n, m such that nx2=mx. Suppose JX^VO for some positive 
integer k. nxk+1=mxk?i0, since G is torsion free. Therefore xic+1^0, and we have 
shown inductively that xf^O for all positive integers n, hence 7V(G) = °°. 
It therefore suffices to consider the case G a group over which there are no 
non-commutative rings. Let G be such a group and suppose N(G)=n, Let 
R be a ring over G, R^0. R is commutative, so that by lemma 1 there is an x£G 
such that x and x2 are independent. 
Let g1, ..., g„£G. There exist integers kh /,, mi (k^O), such that ^¡g—^x+OT.x2 
for l s / s « . N(G)=n; therefore 
If we can show that x"=0, then by virtue of the fact that ]J kA ^ 0, and that G 
is torsion free, we will have that ]J gt=0, thus contradicting the fact that N(G)=n. 
There exist integers k, I, m, k^0 such that kx"=lx+mx2. N(G)=n therefore 
0=kx"+1=lx2+mx3. If 1=0 or m=0, then x 3 =0 . Since « > 2 , we have that x"=0. 
If M 0 and rn^O, then lxn=xn'2{lx2)=xn~2(-mx3) = -mx"+1=G. G is torsion free, 
therefore x"=0 . 
C o r o l l a r y 1. Let G be a rank two torsion free ring. If there exists a non-
commutative ring R over G, then N(G) = 
4. Let H be a rank one torsion free group. All non-zero elements of H have 
the same type. We therefore denote by T(H) the type of any non-zero element of H, 
and call T(H) the type of H. 
L e m m a 3. Let Gx and G2 be rank one torsion free groups, then G, ® G2 is a 
rank one torsion free group, and T(GX <S> G2) = T{GX) + T{G2). 




L e m m a 4. Let H and K be rank one torsion free groups. If T(H)^T(K), then 
Horn = 
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P r o o f . Let h£H, h^O, and (p 6 Horn (H, K). Put k=<p(h)^0. By T(H)£ T{K), 
there exist a prime p and a positive integer / such that pl\h, pl)[k. Hence h=plh\ 
h'£H. Therefore k=(p(h)—p'(p(h'), a contradiction. 
T h e o r e m 2. Let G=G1@G2, G1 and G2 rank one torsion free groups. If 
2T(G^ ^ T(G2) and 2T(G2) 4= T(GJ, then N(G) = 1. 
P r o o f . Let Mult G be the group of multiplications which can be defined on G; 
2 
Mult G Si Horn (GOG, G) = £ Horn (G f® Gj, G t) = 0 by lemmata 3 and 4. 
i, * = 1 
5. D e f i n i t i o n 2. A group G is said to be quasi-contained in a group H, 
denoted G<hH, if there exists an integer n ^ O such that nGczH. If G c H and He. G, 
. then G is said to be quasi-equal to H, G=H. 
T h e o r e m 3. Let G and H be torsion free groups. If G= H, then N(G) = N(H). 
P r o o f . G ==.//; therefore there exist non-zero integers k, /, kGcH, and IHczG. 
Suppose N(G)= Let n be an arbitrary positive integer. There exist a multiplica-
tion X G o n G and elements g^G ( I^J '^H), such that g1XGg2XG...XGg„^0. Let 
hx,h2^H. Define h1XHh2=(lh1)XG(lh2). XH is a multiplication on H. (kgx)X„• 
•(kg2)XH...XH(kgn)=(k"ln)g1XGg2XG...XGg„?±0smce G is torsion free. Therefore 
N(H) — Similarly, we may prove that if N(H) = then N(G) = We may there-
fore assume that N(G) and N(H) are both finite. 
Let N(G)=n, and let XH be a multiplication on H. Let gx,g2^.G. Define 
giX, Gg2~(kgx)XH(kg^). XG is a multiplication on G. Let hx, ..., h„, hn+1£H. . 
(k"Jrll"+L)(hxX/ih2Xh ... XhKXhK^) = 
= {klhj x„ {klh2) Xh-Xh (klhn) XH {klhn+1) = 
= (lhx)Xc(lh2)XG ••• XG(lhN)XG(lhn+1) = 0. 
H is torsion free, therefore ^ X H - X H h „ X H h n + 1 = 0 , so that N(H)^n=N(G). 
Similarly we can prove that N(G)^N(H), so that N(G)=N(H). . 
D e f i n i t i o n 4. A group G is said to be quasi-decomposable if there exist non-
zero groups A, B such that G = A ®B. 
C o r o l l a r y 2. Let G be a quasi-decomposable rank two torsion free group, 
G=GX®G2. If 27,(G1) ^ T(G2) and 2T(G2) $ r (G x) then N(G) = 1. 
P r o o f . By theorem 2, N(G1®G2) = 1, and by theorem 3, N(G)=N(G1®G2). 
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